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Abstract 

Usual quantum mechanics predicts probabilities for the outcomes of measurements 
carried out at definite moments of time. However, realistic measurements do not take 

3 : 

place in an instant, but are extended over a period of time. The assumption of instanta- 
neous alternatives in usual quantum mechanics is an approximation whose validity can be 
investigated in the generalized quantum mechanics of closed systems in which probabilities 



are predicted for spacetime alternatives that extend over time. In this paper we investi- 
gate how alternatives extended over time reduce to the usual instantaneous alternatives 
in a simple model in non-relativistic quantum mechanics. Specifically, we show how the 
decoherence of a particular set of spacetime alternatives becomes automatic as the time 
over which they extend approaches zero and estimate how large this time can be before the 
interference between the alternatives becomes non-negligible. These results suggest that 
the time scale over which coarse grainings of such quantities as the center of mass position 
of a massive body may be extended in time before producing significant interference is 
much longer than characteristic dynamical time scales. 
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I. INTRODUCTION 



As usually formulated, quantum mechanics predicts probabilities for the outcomes of 
measurements carried out at definite moments of time. However, realistic measurements 
do not take place in an instant, but are extended over a period of time. The assumption 
of instantaneous measurements in usual quantum mechanics is an approximation whose 
validity can be investigated in the generalized quantum mechanics of closed systems where 
probabilities are predicted for alternatives that are extended over time. In this paper 
we investigate how alternatives extended over time reduce to the usual alternatives at a 
moment of time in a simple model in non-relativistic quantum mechanics. 

There are a number of interesting discussions of ideal measurements extended over 
time in the quantum mechanical literature |j],0||[||}j,|^,[7|,|| . However, these discussions 
were incomplete because they did not completely specify what an "ideal" measurement 
consisted of nor what replaced the reduction of the state vector upon the completion 
of one. In the more general quantum mechanics of closed systems, in which a notion 
of "measurement" does not play a fundamental role, clear meaning can be given to the 
probabilities for spacetime alternatives which extend over time [P Jl0|JTl]1 . 

Spacetime alternatives are easily visualized in a sum-over-histories formulation of 
quantum mechanics. Consider for example the quantum mechanics of a single non- 
relativistic particle moving in one spatial dimension. The fine-grained-histories for this 
system are the particle paths x(t) on a time interval, say, [0, T]. The most general sets 
of alternatives for this system are partitions of this set of fine-grained paths into sets of 
coarse-grained classes, c a , where a = 1,2,3- ••. Partitions by the values of x at which 
paths cross a surface of time t are simple kinds of coarse grainings that correspond to the 
usual alternatives of position at a moment of time. Partitions into classes whose definition 
extends over time generalize these to spacetime alternatives. A simple example is a par- 
tition of the paths defined by whether they cross or never cross a given spacetime region 
with extent in time. 

For each class of paths c Q , a class operator C a may be defined by a path integral over 
paths in the class of the form 



Here, 5"[a;(r)] is the action functional for paths and the sum is over all paths in the class 
c a . This class operator incorporates both unitary dynamics and a generalization of state 
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vector reduction in a unified way. When the system's initial state at t = is the 
probability of coarse-grained alternative a is 

p(a) = \\C a m 2 - (2) 

However, the quantum mechanics of closed systems does not predict probabilities for every 
set of coarse-grained alternatives that may be described, but only for those which have neg- 
ligible quantum mechanical interference between the individual histories in the set. Such 
sets are said to decohere. Specifically, sets of histories for which consistent probabilities 
are predicted must satisfy a decoherence condition, which for present purposes we may 
take to be 

(*|C£, .(7 a |*)~0, a'^a. (3) 

All the required probability sum rules are satisfied by the probabilities defined by (2) as a 
consequence of the decoherence condition (3). 

It is a straightforward calculation [|10| to verify that alternatives defined at one moment 
of time t have class operators of the form 

C a = e-* HT P a (t) (4) 

where H is the Hamiltonian of the closed system and {P a (t)} are a set of orthogonal 
Heisenberg picture projection operators. (Here, as throughout, we use units in which 
ft = 1.) For instance, for the alternatives that the particle is in one of a set of exclusive 
spatial regions {A a } the P's are the projections onto these regions at the appropriate 
time. It is then immediate from (3) that decoherence is automatic for such instantaneous 
alternatives. 

Decoherence is not automatic for alternatives that are extended over time. However 
as the time T over which they extend approaches zero they must become decoherent and 
their class operators must approach the form (4). This paper examines this approach of 
spacetime alternatives to instantaneous ones in a simple model. The model is described in 
Section II and its behavior for small T found in Sections III - V. The significance of the 
results is discussed in Section VI. 

II. A MODEL COARSE-GRAINING 

Our model concerns a non-relativistic particle of mass M, moving in one dimension, 
in a potential V(x). The fine-grained histories for this system between times t = and 
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t = T are particle paths represented by single valued functions x(t) on that interval. 
Coarse- grainings are generally partitions of these paths into sets of exclusive classes. The 
individual classes are called coarse-grained histories. 

As a simple example of a spacetime coarse graining that extends over time, consider 
the region of spacetime R that lies between times t = and t = T. Denote the subregions 
of R that lie to the left and to the right of the origin as Ri and R r , respectively. The 
set of all paths between t = and t = T may be partitioned by whether they cross or do 
not cross the left and right regions Ri and R r . Specifically, let cio be the class of paths 
which remain to the left of the origin and never cross R r , let coi be the class of paths 
that stay to the right of the origin and never cross Ri, and let en be the class of paths 
that cross both regions sometime. The class cqq of paths that never cross either Ri or R r 
is empty and we shall not discuss it further. This set of coarse-grained histories provides 
a simple model for investigating the limit of small temporal extension T. In that limit, 
the set of spacetime alternatives should approximately decohere. Further, the probability 
for the alternative coi in which the particle is localized on the right during time T should 
approach the usual probability for the particle's position at t = to be located in the 
region x > 0. There should be a similar approach of the probability for cio to the usual 
probability that the particle is located in x < at t = 0. The probability of the alternative 
en that the particle is in both regions of x should approach zero. In the following we shall 
show that these expectations are correct. 

As we shall show in Section V, a bounded potential V(x) has a negligible effect on 
the class operators for very short times T. We therefore begin with an investigation of 
their form for a free particle with V(x) = 0. The class operators for the model coarse- 
graining were calculated in |10[]but we briefly review their construction here. They may all 
be expressed in terms of the free particle propagator for the time interval T which is 



i 

A N 5 



K T (x",x')=\^j eW-T, (5) 
where 

M 

A =2T < 6 > 
is a parameter which becomes large as T becomes small. Consider for example the operator 
Coi corresponding to the class of paths that remain entirely to the right of x = for the 
time T. Its matrix elements are given by path integrals of the form (P over this class of 
paths. That path integral is the same as the path integral over all paths with an action 
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including an infinite barrier potential for x < 0. That is, the class operator is the ordinary 
quantum mechanical propagator in the presence of an infinite reflecting barrier at x = 0. 
The appropriate solution of the Schrodinger equation may be found by the method of 
images and is 

(x"\C i\x'} =e(x")e(x') [K T (x",x')-K T (-x",x')] . (7) 

Similarly, 

(x"\C w \x') = e{-x")9{-x')[K T (x",x') - K T (-x",x')] . (8) 

To find the remaining class operator C\\ note that a sum of the form (0) over all paths 
just gives the usual free particle propagator, so that 

J2C a = e~^. (9) 

Thus 

(x"|Cii|x') = K T (x",x') - (x"|C7oi|x') - (x"\C 10 \x') 

= [9{x")9(-x') + 9(-x")9(x')} K T (x", x') (10) 
+ [9{x")9{x') + e(-x")e(-x')}K T (-x",x') . 

With these class operators the decoherence functional for this set of coarse-grained histories 
may be computed in the limit of vanishing temporal T. 

III. THE DECOHERENCE FUNCTIONAL 

We now turn to the question of the decoherence and probabilities of the set of space- 
time alternatives described above as a function of the time T over which they extend. For 
simplicity, we assume that at t = the particle is in a pure state represented by a wave 
function ty(x). The decoherence functional defined by 

D(c a ,c a/ ) = (V\ci,C a \V) (11) 

is a convenient tool for summarizing the essential features of the quantum mechanics of 
closed systems that were mentioned in the Introduction. A set of spacetime alternatives 
decoheres when the off-diagonal elements of D are negligibly small; the probabilities of a 
decoherent set of alternatives are given by the diagonal elements of D. 
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The decoherence functional (|TT|) may be expressed in terms of the matrix elements of 
the class operators found in the preceding Section by writing 



+00 +00 +00 



D(c a ,c a >) = J dx J dx' J dx"^/(x')^>* (x")(x\C a \x'){x\C a >\x"}* . (12) 



-00 —00 



Given that cqq = is empty, it is clear that any element of D involving this class vanishes 
identically. Additionally, since 9(x)9(—x) = we have 

D(c 01 ,c 10 ) =D*(ci ,coi) = . (13) 

The hermiticity of the decoherence functional implies the additional relations _D(cqi, en) = 
-D*(cn,coi) and D (cio,Cn) = D*(cn, C10), leaving only five components to compute. We 
now describe how to carry out the integrals in (|T2| ) for these components. 

We begin with the diagonal element D(coi, coi). It follows from ( |TTD that this element 
of the decoherence functional is the square of the norm of the vector Coil^). The class 
operator Cqi given by (0) is the propagator for Schrodinger evolution over time T of a free 
particle in the presence of an infinite barrier on x < 0. Applied to |^) it gives the branch 
wave function ^qi(x) = (|Coi|W) with 

00 +00 

-00 

where 

^(x) = ^(x) , x > and *(x) = -*(-x), x < 0. (15) 

This is similar to evolution of the usual Schrodinger equation but with discontinuous initial 
data. Notice that the probability integrals are unaffected because this data resides in the 
Hilbert space L^. Thus the norm evaluated on the interval x > is preserved under this 
evolution, so that 

00 

£>(coi,c i) = J dx\^(x)\ 2 =p+ (16) 


and is independent of the time interval T. Similarly, 



D(c 10 ,c 10 )= [ dx\^(x)\ 2 =p- . (17) 
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When the set of spacetime alternatives decoheres, the diagonal element D(cq\,cq\) is the 
probability that the particle remains at positive values of x throughout the time interval 
T. For this model this is the same as the probability that the particle is in this range of x 
at t = 0. 

The remaining elements of the decoherence functional, which we expect to vanish in 
the limit of vanishing T, may be evaluated as follows: Consider as a typical example the 
interference term D(cqi, en). Using the results of Section II for the matrix elements of the 
class operators, the integrations in ([12]) can be rearranged to give 



oo oo oo 



D(c i,cn) = Jdxjdx'jdx" K^(x,-x") [K T (x, x') - K T {x, -x')] V* s (x")V(x') (18) 



where 

#s(aO = V(x) + V(-x) . (19) 

It is convenient to rescale the integration variables by writing x = y/X 1 ^ 2 with similar 
rescalings for x' and x" . Then, using the explicit form (^) for the free particle propagator 
Kt(x", x'), we have 



1 



oo oo oo 



D(coi,c n ) = / dy I dy' \ dy" ) [e^~^ - e^+vY 



o o o (20) 

s U 1/2 y U 1/2 

From this expression it is clear that only the behavior of ^(x) near x — will contribute in 
the limit of large A and small T. Inserting a factor of e~ £ ( y +y to ensure the convergence 
of the integral, the expression has the following small T asymptotic form for finite e: 

oo oo oo 

D e (c 0l , Cll ) ~ -±^\^(0)\ 2 J dy'e^y' 2 J dy" e~^" 2 J dy e" 2 ^ sm(2y'y) (21) 



where 

£ = e + i. (22) 
Using eqs. (3.893.1), (3.466.1) and (6.286.1) of @ , the integral in (|l|) may be 



evaluated explicitly in terms of a hypergeometric function: 
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Now insert this in (|21|) and pass to the e — > limit to remove the convergence factor and 
find the simple result: 



e 4 



D(c 01 ,c n ) ^=|*(0)| 2 . (24) 

No additional calculation is needed to evaluate the remaining off-diagonal component 
D(cio, en). That is because, using the class operator matrix elements from Section II and 
changing the sign of the integration variables x, x' and x" , one obtains an expression for 
D(cio, en) which is identical to the right hand side of ( |i~8|) except with ty(x') replaced with 
fy(-x'). However, in the limit of small T, only the value ^(0) is important as ( |2~1~D shows. 
The leading orders of D(cio, c n) an d -D(coi, Cn) therefore coincide for small T, both given 
by the right hand side of (|24T ). 

The remaining element of the decoherence functional is D(cn,cn). This can be 
evaluated using the techniques employed above for the other elements which vanish in the 
limit of small T. However, it is quicker simply to evaluate it from the general relation 

^D(c a ,c tt /) = 1 (25) 

a, a' 

which follows from (^) and ( |Tl"D . Either way the result is: 

~2 




D(cii,di) ~2W^-|*(0)| 2 (26) 

V 7TA 

to leading order in A. 

Putting these results together, the small T behavior of the decoherence functional for 
the three nontrivial alternatives is given by 





( P+ 









D(c a , c a ') = 





p- 





H 




V o 





o) 








r) rf 




(27) 



with p± as in (^6|) and (|i~7|) and 



1 71" 

e 4 



/ttA 



l^(0)| 2 , (28) 



where row and column are taken in the order coi, cio, c\\. The following points are imme- 
diate consequences of this expression: 

(1) The off-diagonal elements of the decoherence functional vanish as T 1 / 2 in the limit 
of small T so that this set of spacetime alternatives decoheres in that limit. 



7 



(2) In the limit of vanishing T, non-vanishing diagonal elements of the decoherence 
functional coincide exactly with the probabilities for the particle to be on the left or 
the right of x = at the moment of time t = 0, as expected. 

(3) Unlike the case of histories which are sequences of sets of alternative projections, 
the diagonal elements of the decoherence functional for spacetime alternatives are not 
probabilities when the set of alternatives are not decoherent. They do not sum to one. 
(See |10j for a more general discussion.) 



(4) The leading order of the interference terms vanishes if ^(0) = 0. That is consistent 
with the results of [TT\ who showed that decoherence is exact for any time interval T 



as long as the initial wave function ty(x) is antisymmetric about x = (a result which 
follows immediately from (|T8|) since ^s{x) then vanishes). 



IV. A SPECIFIC INITIAL CONDITION 

An initial Gaussian wave packet provides an example in which we can explicitly evalu- 
ate the decoherence functional for the spacetime coarse graining under discussion without 
recourse to the limit of small T. Assume a one-dimensional Gaussian initial wave packet 
for our free particle of the form 

*(*) = (A) 4 ( 29) 



where £ is the characteristic width of the wave packet. With ( p9|) into (|12]), evaluation of 
the relevant integrals that are simply those of the preceding Section yields 



(30) 





(\ 





o\ 




D(c a , ev) = | 





1 

2 





H 




Vo 











as the desired decoherence matrix with 



7 = larctanh" 1 [J ] = V + • ■ ■ , (31) 

having put ^(0) = (-75) 4 in ( |2"E| ) for this special case. As expected, in the limit of large 
A or small T, the results of ( p7|) are reproduced and decoherence is achieved with equal 
probabilities of 1/2 for each of the non- vanishing coarse-grained alternatives. 



V. INCLUDING A POTENTIAL 

We now consider the effect of including a bounded potential on the above results 
derived for a free particle. Classically, the effect of a bounded force on the motion of a 
particle is proportional to the time interval over which it acts as long as that time interval is 
sufficiently small. The effect of a potential is thus negligible for very small time intervals. 
We expect a similarly negligible effect of a bounded potential on the propagation of a 
particle in quantum mechanics when the time of propagation becomes small (as it does in 
the coarse grainings under discussion in this paper). We shall now show that this is the 
case. 

The general arguments involving the conservation of probability that led to the the 
results ([TIJ) and flT7| ) for the diagonal elements of the decoherence functional, D(cqi,cqi) 
and -D(cio, cio), respectively, are as valid in the presence of a potential V(x) as they were 
without. The values of these elements of D are therefore unchanged by the inclusion of a 
potential for any value of T. 

To understand the effect of a potential on the other elements of the decoherence 
functional which vanish in the limit of small T, we need to examine the propagator over a 
time interval T. In the presence of a potential this is: 

G T (x", x') = (x"\e-^ H » +v)T \x') , (32) 

where Hq is the free particle Hamiltonian. It is not difficult to see that introducing a 
potential changes the construction of the class operator matrix elements in Section II 
only by replacing the free particle propagator Kt(x",x') with Gt(x", x'). The results for 
the decoherence functional can then all be expressed in terms of inner products of wave 
functions of the form 

J dx'G T {x,x')^{x') . (33) 

We now find explicit expressions for the modifications induced by the potential on wave 
functions of this form. 

The evolution operator U(t) = exp[— i(H + V)t] satisfies the Schrodinger equation 

idU(t)/dt = (H + V)U(t) . (34) 

The correct solution can be written in the form 

t 

U(t) = e~ lHot [l - i J dt'e iHot 'Ve- iHot ' + ■■■}. (35) 
o 
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Since the free particle propagator is 

K T {x",x') = (x"\e- iHoT \x') , (36) 

this result can be used to write the evolution of an initial wave function \f(x) over a time 
interval T in the form 

+00 +00 

J dx'G T (x,x')^{x') = J dx'K T (x,x')^{x') (37) 

—00 — 00 

where 

T 

V%(x) = [1 - i J dt'e iHot 'Ve- iHot ' + ■ ■ (a) . (38) 


The calculations of the small time behavior of the decoherence functional are thus the same 
as those in Section III with ^j,{x) replacing *B(x). However, since we are interested only 
in the leading order in small T, we may employ only the leading order in ty}f(x). That 
just comes from the first term in the sum in (RSI), the higher order terms in the potential 
vanishing as successively higher order powers of T. The leading term is thus just ty(x). 
Including a potential V(x) therefore does not change the small T asymptotic form of the 
decoherence functional given by fl27p . 

VI. DISCUSSION 

We have investigated a very simple example of a spacetime coarse graining in the 
quantum mechanics of a single non-relativistic particle of mass M moving in one dimension. 
The three non-empty coarse-grained alternatives are whether the particle remains always to 
the right of x = for a time interval T, remains always to the left of x = for this interval, 
or is sometimes on the left and sometimes on the right during that time. As the example 
discussed in the previous Section shows, when the initial state is a wave packet of width 
£, the characteristic time scale for the automatic decoherence of this set of alternatives is 
^decoherence ~ M£ 2 /h. When T Tdecoherence , the interference between these alternatives 
is negligible and the set approximately decoheres. The exact decoherence of instantaneous 
alternatives is thus a good approximation to the nearly exact decoherence of this type 
of spacetime alternative. Further, the probabilities of the instantaneous alternatives are 
exactly the same as those of the spacetime ones. When T Incoherence instantaneous 
alternatives are an excellent approximation to this kind of spacetime alternative. 
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To get a feel for this scale, consider an electron localized to its Compton wavelength 
or a hydrogen atom sitting in its ground state. In these cases, T decohe rence ~ 10~ 19 s and 
Tdecoherence ~ 10 _14 s, respectively. Thus for these systems spacetime coarse grainings can 
extend only over very short time scales if they are to be approximated by instantaneous 
alternatives. At a much larger scale, take the center of mass of a grain of dust with a 
diameter of about one micron and a corresponding mass on the order of 10~ 15 kg localized 
to its dimension. The resulting time scale for decoherence is then on the order of a year. 
For any macroscopic particle (for example with a mass of one gram and a size on the 
order of a centimeter) Tdecoherence is enormously greater than the age of the universe. For 
such systems the time scale Tdecoherence over which this kind of spacetime alternatives may 
extend while still automatically decohering is much longer than characteristic dynamical 
time scales Td ynam i C ai- 

These results suggest that, for quantities such as the center of mass position of a 
body characterized by typical macroscopic masses and uncertainties, there are a class of 
spacetime coarse grainings extending over a time T <C Td yn amicai <C ^decoherence to which 
instantaneous alternatives are an excellent approximation both with respect to decoherence 
and with respect to probabilities. For systems of small mass, these results suggest that the 
regime of validity of such approximations may be more limited. In particular, in realistic 
measurement situations of light systems which extend over time, it may be necessary to 
take the details of the experimental arrangement into account, so that the alternatives 
describing the outcome of the measurement refer to the alternative configurations of the 
apparatus rather than the system being measured if they are to be well approximated 
by instantaneous alternatives. It would be desirable to have more detailed and realistic 
models to confirm this. 
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